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Abstract
We study a rich family of robustly non-hyperbolic transitive diffeomorphisms
and we show that each ergodic measure is approached by hyperbolic sets in weak∗-
topology and in entropy. For hyperbolic ergodic measures, it is a classical result of
A. Katok. The novelty here is to deal with non-hyperbolic ergodic measures.
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1 Introduction
Given a diffeomorphism f on a smooth Riemannian manifold M , one says that f is
partially hyperbolic, if there exist an invariant splitting TM = Es⊕Ec⊕Eu and a metric
‖ · ‖ such that for each x ∈M , one has
‖Df |Es(x) ‖ < min{1, m(Df |Ec(x))} ≤ max{1, ‖Df |Ec(x) ‖ } < m(Df |Eu(x)).
In this paper, we consider the set U(M) of all C1 partially hyperbolic diffeomorphisms
on M satisfying that for each f ∈ U(M), one has:
• f is partially hyperbolic with 1-dimensional center bundle;
• f has hyperbolic periodic points of different indices;
• the strong stable and unstable foliations are robustly minimal.
By definition, U(M) is an open set.
There are two types of classical examples of partially hyperbolic diffeomorphisms with
two minimal strong foliations due to [BDU]:
∗This work was done when J. Zhang visited Soochow University in July 2017. J. Zhang would like
to thank Soochow University for hospitality. D. Yang was partially supported by NSFC 11671288 and
NSFC 11790274. J. Zhang was partially supported by the ERC project 692925 NUHGD. J. Zhang is the
corresponding author.
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• the time one map of a transitive Anosov flow admits perturbations with robustly
minimal strong foliations.
• the skew-product of the rotations on circle over an Anosov diffeomorphism on torus
admits perturbations with robustly minimal strong foliations.
Very recently, some new examples of partially hyperbolic diffeomorphisms with two min-
imal strong foliations are constructed and such examples are not isotopic to the classical
ones listed above, see the anomalous examples in [BGP, BGHP].
Before stating our result, let us recall some notions. Given a compact f -invariant set
K ⊂ M , one denotes by Minv(K, f) the set of f -invariant measures supported on K. A
compact invariant set K is hyperbolic if one has the splitting TKM = E
s ⊕ Eu such that
Es is uniformly contracting and Eu is uniformly expanding; and the index of a hyperbolic
set is defined as the dimension of its stable bundle. Recall that an ergodic measure µ is
hyperbolic, if all the Lyapunov exponents of µ are non-zeo; and we say µ is non-hyperbolic,
if µ has vanishing Lyapunov exponents. In our setting, we succeed in approaching ergodic
measures by hyperbolic sets in weak∗-topology as well as in entropy.
Theorem A. There exists a C1 open and dense subset V(M) of U(M) such that for any
f ∈ V(M), each f -ergodic measure µ is approached by hyperbolic sets in weak∗-topology
and in entropy, that is, for any ε > 0, there exists a hyperbolic set Λε such that
– |hµ(f)− htop(f |Λε)| < ε;
– for any ν ∈Minv(Λε, f), one has d(µ, ν) < ε.
Moreover, if µ is non-hyperbolic, µ can be approxiamted by hyperbolic sets of different
indices in weak∗-topology and in entropy, i.e. the index of Λε can be chosen to be dim(E
s)
or dim(Es) + 1.
In C1-setting, if the support of a hyperbolic ergodic measure ν admits a dominated
splitting which coincides with the hyperbolic splitting of the measure µ, then µ is ap-
proximated by hyperbolic sets in weak∗-topology and in entropy (see for instance [C,
Proposition 1.4], [Ge, Theorem 1] and [Ka]). Therefore, the main novelty here is to
deal with non-hyperbolic ergodic measures whose existence is guaranteed by [BBD1] (see
also [BBD2, BZ1]). Before getting to that, let us recall the history of this topic.
The topic of approximating invariant measures by periodic measures (i.e. atomic
measures equidistributed on a single periodic orbit) goes back to K. Sigmund [Sig1]: for
hyperbolic basic sets, each invariant measure is approximated by periodic measures in
weak∗-topology. As it was shown in [AS] that hyperbolic systems are not dense among
differentiable diffeomorphisms. One can ask to what extent one can extend this result to
non-hyperbolic setting.
Under C1+α-setting, many results have already been obtained, for instance:
• A. Katok [Ka] has proven that each hyperbolic ergodic measure is approached by
periodic measures in weak∗-topology;
• In [SW], the authors have shown that each hyperbolic ergodic measure is approxi-
mated by periodic measures in weak∗-topology and in spectrum.
2
Under C1-generic setting, Man˜e´’s ergodic closing lemma shows that every ergodic
measure is approached by periodic measures in weak∗-topology (see also [ABC]). In C1-
dominated setting, the result in [C] states that hyperbolic ergodic measures are approx-
imated by periodic measures in weak∗-topology and the supports of hyperbolic ergodic
measures are also approached by periodic orbits in Hausdorff topology at the same time
(See also [G2] ).
Beyond uniform hyperbolicity, the presence of non-hyperbolic ergodic measures is
quite common, see [CCGWY]. However, there are few results on extending Sigmund’s
result to non-hyperbolic ergodic measures: [DGR1] shows that for some open set of step
skew-products partially hyperbolic diffeomorphisms with compact center foliation, each
non-hyperbolic ergodic measure is approached by hyperbolic basic sets in weak∗-topology
and in entropy. The systems considered in [DGR1] exhibit the property called skeleton
property, and the skeleton property yields multi-variable-time-horseshoes for each non-
hyperbolic ergodic measure; finally such horseshoes give the hyperbolic sets approaching
the non-hyperbolic ergodic measures in weah∗-topology and in entropy. In [BZ2], for an
open and dense subset of U(M), the authors show that each non-hyperbolic ergodic mea-
sure is approached by periodic measures of different indices in weak∗-topology. In [BZ2],
the authors combine a shadowing lemma given by S. Liao [L1] with a tool called blender
designed by C. Bonatti and L. Dı´az to get the sequence of periodic measures approaching
non-hyperbolic ergodic measures.
K. Sigmund [Sig2] also initiated a topic to study the connectedness of the space of
hyperbolic ergodic measures, and there was no further results after that. Until recently, A.
Gorodetski and Y. Pesin [GP] show that under C1+α-setting, the set of hyperbolic ergodic
measures of a given index supported on an isolated homoclinic class (with some other
properties) is path connected and is entropy dense among some certain set of hyperbolic
invariant measures (see Theorems 1.1 and 1.5 in [GP] for precisely statements).
One says that M ⊂ Minv(M, f) is path connected, if for any µ, ν ∈ M, there exists
a continuous path {νt}t∈[0,1] in M such that ν0 = µ and ν1 = ν. Recall that given two
subsets M1 ⊂ M2 ⊂ Minv(M, f), one says that M1 is entropy dense in M2, if for any
µ ∈ M2, there exists a sequence of measures {µn} ⊂ M1 such that µn tends to µ and
hµn(f) tends to hµ(f).
As a corollary of Theorem A, one can also obtain the path connectedness and entropy
density:
Corollary B. For f ∈ V(M) given by Theorem A, the set of ergodic measures is path
connected and the set of hyperbolic ergodic measures is entropy dense in the set of ergodic
measures.
Remark 1.1. The path connected property is actually obtained in [BZ2] although it is
not explicitly stated.
Combining Corollary B with the variational principle, one has that
Corollary 1.2. For each f ∈ V(M), one has that
htop(f) = sup{hµ(f) : µ is a hyperbolic ergodic measure.}
One can expect the following to be true:
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Question. Does there exist a residual subset of Diffr(M) (r ≥ 1) such that the topological
entropy equal the supremum of the metric entropy of hyperbolic ergodic measures?
Indeed, there are non-generic examples which one can approach topological entropy
by the metric entropy of non-hyperbolic ergodic measures, for instance the skew-products
of the rotations on circles over the Anosov diffeomorphisms on rotus. As it is shown in
[BBD1, CCGWY], there are rich families (open or generic) of diffeomorphisms exhibitting
non-hyperbolic ergodic measures; then one can ask
Question 1. Does there exist an open subset (or a locally generic subset) of Diff1(M) such
that the topological entropy equals the supremum of the metric entropy of non-hyperbolic
ergodic measures?
The results in [TY] suggest that the answer might be negative (see also [DGR2]).
In [TY], among certain C2 open set of partially hyperbolic (but non-hyperbolic) diffeo-
morphism with one-dimensional center, the authors show that if the metric entropy of an
ergodic measure is close enough to the topological entropy, then such ergodic measure is
hyperbolic.
Acknowlegement:
We would like to thank Christian Bonatti and Sylvain Crovisier whose questions mo-
tivated this paper.
2 Preliminary
In this section, we collect the results and notions used in this paper.
2.1 Entropy for horseshoes
Let Λ be a hyperbolic horseshoe with k-legs, meaning that the dynamics in the horseshoe
is conjugate to a full shift over k-symbols. It is well known that (Λ, f) is conjugate to
(Σk, σ) and htop(f |Λ) = log k.
Theorem 2.1. Let Λ be a hyperbolic horseshoe with k-legs. For any r ∈ (0, log k), there
exists a compact invariant set Λr ⊂ Λ such that htop(f |Λr) = r.
The proof of Theorem 2.1 can be found in [Wa, §7.3]
2.2 Partial hyperbolicity
Let K be a compact invariant set of a diffeomorphism f . Recall that K is partially
hyperbolic, if the tangent bundle over K is splitted into three invariant subbundles: one is
uniformly contracting, the other is uniformly expanding and the center has intermediate
behavior. To be precise, there exist an invariant splitting TKM = E
s ⊕ Ec ⊕ Eu and a
metric ‖ · ‖ such that for each x ∈ K, one has
‖Df |Es(x) ‖ < min{1, m(Df |Ec(x))} ≤ max{1, ‖Df |Ec(x) ‖ } < m(Df |Eu(x)).
One says that f is partially hyperbolic, if the whole manifold is a partially hyperbolic
set. For a partially hyperbolic diffeomorphism, the strong stable and unstable bundles are
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uniquely integrable (see [HPS]), that is, there exist unique invariant foliations F ss and Fuu
tangent to Es and Eu respectively. In this paper, the partially hyperbolic diffeomorphisms
we consider have minimal strong stable and unstable foliations. We recall that a foliation
is minimal, if every leaf is dense in the manifold. The following result is a folklore property
for minimal foliations.
Lemma 2.2. Let F be a minimal foliation on a compact manifold M . For any ε > 0,
there exists L > 0 such that for any point x, one has that FL(x) is ε-dense in M , where
FL(x) denotes the L-neighborhood of x in the leaf F(x).
It is interesting to notice the following corollary, although it is not used in this work.
Corollary 2.3. Let f be a partially hyperbolic diffeomorphism. If one of the strong
foliations is minimal, then f is topologically mixing.
Two hyperbolic periodic orbits are homoclinically related, if the stable manifold of
one intersects the unstable manifold of the other transversely, and vice versa. Here, we
remark that for a partially hyperbolic diffeomorphism f whose strong stable foliation is
minimal, all the hyperbolic periodic orbits of index dim(Es) are homoclinically related.
2.3 A shadowing lemma
In this whole section, we assume that Λ is a partially hyperbolic set with one-dimensional
center. In this paper, we will use a shadowing lemma to find the periodic orbits near non-
hyperbolic ergodic measures. The shadowing lemma is firstly given by S. Liao [L1] and is
improved by S. Gan [G1], and we will present a version adapted to partially hyperbolic
setting.
Lemma 2.4. [L1] Let Λ be a partially hyperbolic set with the splitting of the form TΛM =
Es ⊕ Ec ⊕ Eu where dim(Ec) = 1. For any λ ∈ (0, 1), there exist L > 0 and ε0 > 0 such
that for any point x ∈ Λ, if there exists an integer n such that
–
d(x, fn(x)) < ε ≤ ε0,
–
n−1∏
i=k
‖Df |Ec(f i(x)) ‖ ≥ λ
k−n, for k = 0, · · · , n− 1;
then there exists a periodic point p of period n such that
d(f i(p), f i(x)) < L · ε, for i = 0, · · · , n− 1.
2.4 Pliss lemma
In this part,we recall the Pliss lemma [P] which helps to find the hyperbolic time.
Lemma 2.5. Given a < b < c, there exists a constant ρ > 0 such that for any family of
real numbers {a1, · · · , an} satisfying
• ai ≤ c for each i;
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• 1
n
∑n
i=1 ai ≥ b;
one has l integers 1 ≤ k1 < · · · < kl ≤ n such that
• l/n ≥ ρ;
• for each ki, one has
1
ki−j+1
∑ki
s=j as ≥ a, for any j ∈ [1, ki].
Recall that a continuous splitting E⊕F over the tangent bundle of a compact invariant
set Λ is called dominated, if there exists a metric ‖ · ‖ such that
‖Df |E(x) ‖ · ‖Df
−1|F (f(x)) ‖ <
1
2
for any x ∈ Λ.
Lemma 2.6. Let Λ be a compact invariant set with dominated splitting TΛM = E ⊕ F .
We fix a plaque family W cu associated to the bundle F . For any λ ∈ (0, 1), there exists
δ > 0 such that for any point x ∈ Λ satisfying
n−1∏
j=0
‖Df−1|F (f−j(x)) ‖ ≤ λ
n for any n ∈ N,
one has that W cuδ (x) is contained in the unstable manifold of x.
2.5 Blender
Blender is a powerful tool which is firstly designed by C. Bonatti and L. Dı´az to find
robustly non-hyperbolic phenomenon by mixing dynamics of different behavior, see [BD1,
BD2, BD3]. Recently, people start to use blender for finding robust phenomenon beyond
non-uniform hyperbolicity, see for instance [BBD1, BBD2, BZ1]. There are several notions
of a blender, see [BD1, BD3, BBD1, BCDW]. In this section, we will recall the main
properties of a blender, and the blender we will use in this paper is a special blender called
blender horseshoe [BD3].
A cu-blender horseshoe Λ is a hyperbolic basic set and TΛM is splitted into dominated
subbundles of the form TΛM = E
s ⊕ Ecu ⊕Eu such that
• Ecu is one dimensional and is uniformly expanding;
• Λ is the maximal invariant set in an embedded cube K = [−1, 1]s×[−1, 1]×[−1, 1]u,
where s = dim(Es), u = dim(Eu);
• the dynamics in K is a horseshoe with 2-legs;
• there exist cone fields Cs, Cu, Cuu defined in K such that the tangent space of
[−1, 1]s ×{y}× {z} is contained in Cs, the tangent space of {x} × [−1, 1]× [−1, 1]u
is contained in Cu and the tangent space of {x} × {y} × [−1, 1]u is contained in Cu.
• Cs is Df−1-invariant, and Cu, Cuu are Df -invariant;
• Df is uniformly expanding along the cone field Cu, that is, there exists τ > 1 such
that for any x ∈ K ∩f−1(K) and any unit vector v ∈ Cu(x), one has ‖Df(v) ‖ ≥ τ.
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• A disc D tangent to the cone field Cuu is called uu-disc, if the boundary of D is
contained in [−1, 1]s× [−1, 1]× ∂([−1, 1]u) and the interior of D is contained in the
interior of K; there exists an open region in K called the superposition region of Λ
such that for any uu-disc D intersecting this region, at least one of the connected
components of f(D) ∩K is a uu-disc intersecting the open region.
See [BD3, Section 3.2] for the precise definition of a blender horseshoe. We will call
the cube K as the characteristic region of the blender horseshoe Λ. We remark that
the existence of a blender horseshoe is an open property, that is, there exists a small
neighborhood U of f such that for g ∈ U , the cotinuation Λg of Λ is a blender horseshoe.
A disc S of dimension dim(Ecu⊕Eu) is called a cu-strip, if there exists a C1-embedding
map φ : [−1, 1]× [−1, 1]u 7→ K such that
• φ([−1, 1]× [−1, 1]u) = S
• for any t ∈ [−1, 1], the disc φ({t} × [−1, 1]u) is a uu-disk;
• S is disjoint from ∂([−1, 1]s)× [−1, 1]× [−1, 1]u.
The uu-discs φ({−1} × [−1, 1]u) and φ({1} × [−1, 1]u) are called the vertical boundary
of S. The center length ℓc(S) of S is defined as the minimum length among all the C1
curves in S which joins the two vertical boundary of S. Hence, each cu-strip S contains
a disc tangent to Cu of radius at least ℓc(S)/2.
One important property of a cu-strip is the following result.
Lemma 2.7. [BZ2, Lemma 3.20] There exists c > 0 such that for any cu-strip S satisfying
• ℓc(S) < c;
• S contains a uu-disc intersecting the superposition region,
the disc f(S) contains a cu-strip S1 such that
– ℓc(S1) > τ · ℓ
c(S);
– S1 contains a uu-disc intersecting the superposition region.
One says that a diffeomorphism exhibits a co-index one heterodimensional cycle, if
there exist hyperbolic periodic orbits P and Q such that Ind(P ) = Ind(Q) + 1 such
that W s(P ) has non-empty transverse intersection with W u(Q) and W u(P ) intersects
W s(Q). In [BD3], the authors show that a co-index one heterdimensional cycle can yield
a cu-blender horseshoe.
Theorem 2.8. [BD3, Proposition 5.6] Let f be a C1 diffeomorphism with a co-index
one heterdimensional cycle. Then there exists g arbitrarily C1 close to f such that g has
a cu-blender horseshoe Λg.
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2.6 Metric entropy defined by A. Katok
In this part, we recall the definition of metric entropy of an ergodic measure given by A.
Katok [Ka].
Let f : X 7→ X be a homeomorphism on the compact metric space (X, d). For ε > 0
and n ∈ N, a (n, ε)-Bowen ball centered at x is the open set
B(x, ε) ∩ f−1(B(f(x), ε)) ∩ · · · ∩ f−n(B(fn(x), ε)),
where B(y, ε) denotes the ε-ball centered at y ∈ X .
Let µ be an ergodic measure of f . For δ > 0 and ε > 0, let N(n, ε, δ) be the minimal
number of (n, ε)-Bowen balls which cover a set of measure no less than 1 − δ. Then one
has
Theorem 2.9. [Ka, Theorem I.I] Let µ be an ergodic measure, then for δ ∈ (0, 1) one
has
hµ(f) = lim
ε→0
lim inf
n→∞
logN(n, ε, δ)
n
= lim
ε→0
lim sup
n→∞
logN(n, ε, δ)
n
.
Recall that a set K1 is called a (n, ε)-separated set of K2, if K1 ⊂ K2 and for any two
different points x, y ∈ K1, there exists j ∈ {0, · · · , n} such that d(f
j(x), f j(y)) ≥ ε. As a
corollary of Theorem 2.9, one has that
Corollary 2.10. Let µ be an ergodic measure and K be a measurable set with µ(K) ≥ 1−δ
for some δ ∈ (0, 1). We denote by S(n, ε,K) be the maximal number of (n, ε)-separated
sets of K, then one has
lim
ε→0
lim sup
n→∞
log S(n, ε,K)
n
≥ hµ(f).
3 Periodic orbits near non-hyperbolic ergodic mea-
sures
One of the ingredients for the proof of Theorem A is the following result, and some ideas
can be found in [BZ2].
Recall that each diffeomorphism f ∈ U(M) is partially hyperbolic with one dimen-
sional center and exhibits periodic points of different indices; moreover, the strong folia-
tions of f are robustly minimal. The minimality of strong foliations is fully used in this
section.
Theorem 3.1. There exists a C1 open and dense subset V(M) of U(M) such that for
f ∈ V(M), there exists a constant c0 > 0 such that for any ε > 0, χ > 0 small and any
C > 1, there exist two positive integers N(ε)≪ N(C, χ, ε) = N such that for any x ∈M
satisfying
1
C
· e−kχ ≤ ‖Dfk|Ec(x) ‖ ≤ C · e
kχ for any k ∈ N,
and any n > N , there exist z ∈M and m ∈ (n, n + c0 · n · χ) such that
–
d(z, fm(z)) < ε
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–
d(f i(fN(ε)(z)), f i(x)) < ε for i = 0, · · · , n−N(ε);
–
1
m− j
m−1∑
i=j
log ‖Df |Ec(f i(z)) ‖ ≥ 4χ for j = 0, · · · , m− 1.
Before giving the proof, let us explain the idea. Firstly, we show that for an open and
dense subset in U(M), there exist cu-blender horseshoes. One fixes a hyperbolic periodic
point p with positive center Lyapunov exponent and a point x satisfying the properties
in the assumption of Theorem 3.1, then the minimality of strong stable foliation ensures
that there exists y ∈ W u(p)∩F ss(f−N(x)) (for some N) that is arbitrarily close to p. We
will choose a small disc D tangent to Ec ⊕Eu such that it is contained in local unstable
manifold of p and contains y. We will iterate D forwardly to follow the positive orbit of y
for a long time (say time n) and therefore can follow the orbit of x for a long time (almost
time n), then by the minimality of strong unstable foliation, after a small proportion of
time (with the respect to n), the images of D contain a cu-strip in the superposition
region of the cu-blender. The property of a cu-blender horseshoe guarantees that one can
iterate the cu-strip for a proportion of time (about nχ-level) to ensure that the cu-strip
has some uniform size. Once again, by the minimality of the strong stable foliation, the
fixed size of strong stable manifold of p intersects the cu-strip with uniorm size, and this
can yield the orbit segment with posited properties.
Proof of Theorem 3.1. By the robust minimality of strong foliations, the diffeomorphisms
in U(M) are robustly transitive. Since there are periodic points of different indices,
by Hayashi’s connecting lemma [H], there exist a C1 dense subset of U(M) such that
each diffeomorphism in this dense subset exhibits a co-index one heterodimensional cycle
(for details see for instance [BDPR, Lemma 2.5]). By Theorem 2.8, there exists a C1
dense subset of U(M) exhibitting cu-blenders whose existence is a robust property. To
summarize, there exists a C1 open and dense subset V(M) of U(M) such that each
f ∈ V(M) has a cu-blender horseshoe Λu.
From now on, we fix f ∈ V(M), a hyperbolic periodic point p of f whose center
Lyapunov exponent is positive and a cu-blender horseshoe Λu of f . Without loss of
generality, we assume that p is a fixed point. We denote by 2λ the center Lyapunov
exponent of p, then we fix its local stable and unstable manifolds W s2ε0(p) and W
u
2ε0
(p) for
some ε0 > 0 small such that for any w ∈ B2ε0(p), one has
log ‖Df−1|Ec(w) ‖ ≤ −
3λ
2
.
Denote by K the characteristic region of the blender Λu. By definition, there exists τ > 1
such that
‖Df |Ec(w) ‖ ≥ τ for w ∈ K ∩ f
−1(K).
The posited constant c0 > 0 would be given by λ and τ , and the precise formula would
be given in the end.
For ε, χ ∈ (0,min{ λ
100
, log τ
100
, ε0}) small and C > 1, we will find the posited integers
N(ε) and N(χ,C, ε).
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By the minimality of the strong stable foliation F ss, there exists l = l(ε) > 0 such that
for any point w ∈ M , the strong stable disc F ssl (w) intersects W
u
ε/4(p). By the uniform
contraction of f along F ss, there exists an integer N(ε) ∈ N such that
fN(ε)(F ssl (w)) ⊂ F
ss
ε/2(f
N(ε)(w)) for any w ∈M.
Let x ∈M be a point satisfying
1
C
· e−kχ ≤ ‖Dfk|Ec(x) ‖ ≤ C · e
kχ for any k ∈ N.
By the choice of l, there exists a transverse intersection y ∈ F ssl (f
−N(ε)(x))∩W uε/4(p). By
the choice of y, one has
• fN(ε)(y) ∈ F ssε/2(x);
• y has unstable manifold of size ε0 contained in W
u
2ε0
(p).
By the uniform contraction of f along F ss and the uniform continuity of the center bundle
Ec, there exists C ′ = C ′(C, χ, ε) > 1 which is independent of x such that
1
C ′
· e−2kχ ≤ ‖Dfn|Ec(y) ‖ ≤ C
′ · e2kχ, for any k ∈ N.
To continue the proof, we need a new notation. We fix a Df -strictly invariant cone
field Cuu of Eu along which Df is uniformly expanding. Since Ec is transverse to Eu
restricted to Ec ⊕Eu and the angle is uniformly bounded from below, for simplicity, one
can assume that Ec is orthorgonal to Eu. We denote by u = dim(Eu). One says that
a disc D tangent to Ec ⊕ Eu is C1-foliated by discs tangent to Cuu, if there exists a C1
embedding ϕ : [0, 1]× [0, 1]u 7→ M such that
– ϕ([0, 1]× [0, 1]u) = D;
– ϕ({t} × [0, 1]u) is a disc tangent to Cuu for t ∈ [0, 1];
The discs ϕ({0} × [0, 1]u) and ϕ({1} × [0, 1]u) are called the vertical boundary of the cu-
disc D. If there exists a C1 curve tangent to Ec contained in D whose two endpoints are
in the interior of ϕ({0} × [0, 1]u) and ϕ({1} × [0, 1]u) respectively, then we will call D a
vertical cu-disc. For each vertical cu-disc D, the center length ℓc(D) of D is defined as
the infimum length of center curves in D with two endpoints contained in the interior of
ϕ({0} × [0, 1]u) and ϕ({1} × [0, 1]u) respectively.
By the uniform continuity of Ec, there exists δ ∈ (0, ε/4) such that for any w1, w2 ∈M
with d(w1, w2) < δ, one has that
| log ‖Df |Ec(w1) ‖ − log ‖Df |Ec(w2) ‖ | < χ.
For n ∈ N, we consider the δ ·e−5nχ-tubular neighborhood ofW uuδ (y) inW
u
ε0(y) and we
denote it as Sn. Then by the transversality between E
c and Eu, there exists an integer
N0(χ) which depends only on χ such that for n ≥ N0(χ), one has
• Sn is foliated by discs tangent to C
uu;
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• the length of each center curve through y contained in Sn is bounded by δ · e
−4nχ;
• each center curve through y and contained in Sn would intersect the two vertical
boundaries of Sn into unique points whose distance to y is less than δ/4.
Now, we will iterate Sn forwardly, and each time we cut it by the δ-neighborhood of the
forward orbit of y. To be precise, for any i ∈ N, we consider the connected component
Sn(i) of f
i(Sn)∩Bδ(f
i(y)) containing f i(y). By the strictly invariant property of the cone
field Cuu, Sn(i) is C
1 foliated by discs tangent to Cuu.
Lemma 3.2. There exists an integer N1 = N1(C, χ, ε) such that for n > N1, one has that
for i ≤ n, the cu-disc Sn(i) is a vertical cu-disc satisfying that
• δ · e−9nχ ≤ ℓc(Sn(i));
• any center curve contained in Sn(i) and through f
i(y) intersects the two vertical
boundaries of Sn(i) into unique points whose distance to f
i(y) is less than δ
2
.
Proof. For any C1-curve γ, we denote by ℓ(γ) the length of γ.
Claim 3.3. There exists an integer N1 = N1(C, χ, ε) > N0 such that for n ≥ N1 and any
center curve γ through y whose endpoints are contained in the vertical boundary of Sn,
one has that
δ · e−9nχ ≤ ℓ(f i(γ)) <
δ
2
for any i ∈ {0, 1, · · · , n}.
Proof. Let N1 = N1(C, χ, ε) be the smallest integer such that
N0 < N1 and C
′ · e−N1χ <
1
2
.
Let γ be a center curve through y with endpoints contained in the vertical boundary
of Sn. Then ℓ(γ) ≤ δ · e
−4nχ < δ/2. If ℓ(f j(γ)) < δ/2 for j ≤ i, then by the choice of δ,
one has the estimate:
ℓ(f i+1(γ)) =
∫
‖Df i+1(γ′(t)) ‖ dt
=
∫
‖Df i+1|Ec(γ(t)) ‖ ‖ γ
′(t) ‖ dt
≤ e(i+1)χ · ‖Df i+1|Ec(y) ‖ · ℓ(γ)
≤ e(i+1)χ · C ′ · e2(i+1)χ · δ · e−4nχ
≤
δ
2
.
Now we can give the lower bound of ℓ(f i(γ)) for i ≤ n. Since ℓ(f i(γ)) < δ/2, one has
ℓ(f i(γ)) =
∫
‖Df i|Ec(γ(t))γ
′(t) ‖ dt
=
∫
‖Df i+1|Ec(γ(t)) ‖ ‖ γ
′(t) ‖ dt
≥ e−(i+1)χ · ‖Df i+1|Ec(y) ‖ · ℓ(γ)
≥ e−(i+1)χ ·
1
C ′
· e−2(i+1)χ · δ · e−5nχ
≥ δ · e−9nχ.
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By Claim 3.3, for n ≥ N1, each Sn(i) contains center curves through y and whose
endpoints are contained in the vertical boundary of Sn(i), then by definition, the cu-disc
Sn(i) is a vertical cu-disc. Morover, any center curve contained in Sn(i) and through f
i(y)
intersects the two vertical boundaries of Sn(i) into unique points whose distance to f
i(y)
is less than δ/2.
Now, we give a lower bound for ℓc(Sn(i)).
Claim 3.4. For i ≤ n, the center length of Sn(i) is lower bounded by δ ·e
−9nχ, in formula:
ℓc(Sn(i)) ≥ δ · e
−9nχ.
Proof. By definition, the center length of Sn(0) = Sn is lower bounded by δ · e
−5nχ and
the center length of Sn(0) is upper bounded by δ. We will prove the claim by induction.
Assume that the claim is true for j ≤ i. For any center curve γ ⊂ Sn(i + 1) whose
endpoints are contained in the vertical boundary of Sn(i + 1), by the uniform expansion
of Df along Cuu, one has that
– f−j(γ) is contained in Sn(i+ 1 − j), whose endpoints are contained in the vertical
boundary of Sn(i+ 1− j), for j ≤ i+ 1;
– the center segment f−j(γ) is contained in the δ-neighborhood of f i+1−j(y).
By the choice of δ, one has the estimate:
ℓ(γ) =
∫
‖Df i+1|Ec(f−i−1(γ(t))) ‖ · ‖
df−i−1(γ(t))
dt
‖ dt
≥
1
C ′
· e−2(i+1)χ · e−(i+1)χ · ℓ(f−i−1(γ))
≥ δ · e−9nχ.
Now, the proof of Lemma 3.2 is complete.
By the minimality of the strong unstable foliation Fuu, there exists N2 = N2(δ) > 0
such that for any strong unstable disc D of diameter at least δ/2, one has that fN2(D)
contains a strong unstable disc in the superposition region of the blender horseshoe Λu.
By definition of Sn(n), one has that F
uu
δ (f
n(y)) is contained in Sn(n). By the uniform
expansion of Df along the cone field Cuu and the second item in Lemma 3.2, one has
that fN2(Sn(n)) contains a cu-strip S whose center length is at least δ · e
−9nχ ·mN21 , where
m1 = infw∈M ‖Df |Ec(w) ‖ . Now, the property of the cu-blender horseshoe Λ
u given by
Lemma 2.7 allows us to iterate S in the characteristic region of Λu until we get a cu-strip
with uniform center length. By Lemma 2.7, there exist a constant ε1 > 0 which depends
only on Λu and an integer N3 ∈ N such that
–
N3 ≤
9nχ−N2 logm1 + log δ + log ε1
log τ
;
– fN3(S) contains a disc Dn tangent to E
cu of diameter at least ε1.
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0 N(ε) n m− t
m
ε-following the orbit of x In the ε0-neighborhood of p
Figure 1: The itinerary of z
Now, by the minimality of the strong stable foliation, there exists an integer N4 = N4(ε1)
such that f−N4(W sε0(p)) intersects Dn in the interior (remember that W
s(p) = F ss(p))),
and we denote z˜ as the intersection. Let z = f−n−N2−N3(z˜), then one has
– z ∈ W uε/4(p) and f
n+N2+N3+N4(z) ∈ W sε0(p);
– d(f i(z), f i(y)) < δ < ε
4
, for i ∈ [0, n];
– f j(z) is in the characteristic region of Λu, for j ∈ [n+N2, n+N2 +N3].
Since fN(ε)(y) ∈ F ssε/2(x), one has that d(f
i(fN(ε)(z)), f i(x)) < ε for i ∈ [0, n−N(ε)]. By
the choice of δ, one has
logC ′ + 3nχ ≥
n−1∑
i=0
‖Df |Ec(f i(z)) ‖ ≥ − logC
′ − 3nχ;
Now, we choose t = [10χ
λ
· n] + 1. Let m = n+ t +N2 +N3 +N4.
Claim 3.5. There exists an integer N = N(C, ε, χ) > N1 + N(ε) such that for n ≥ N ,
one has
• fm(z) ⊂W sε/2(p).
•
t+N2 +N3 +N4
n
<
( 10
log τ
+
10
λ
)
· χ,
•
1
m− j
m−1∑
i=j
log ‖Df |Ec(f i(z)) ‖ ≥ 4χ for j = 0, · · · , m− 1.
Proof. Since t = [10χ
λ
· n] + 1, W s(p) = F s(p) and the choice of N2 + N4 + N(ε) is
independent of n, therefore for n large, the first and the second items are satisfied.
Recall that the center Lyapunov exponent of p is 2λ and fn+N2+N3+N4(z) ∈ W sε0(p),
then by the choice of ε0, one has that
m−1∑
i=m−j
log ‖Df |Ec(f i(z)) ‖ ≥ j ·
3λ
2
, for j ≤ t.
Once again, since the choice of N4 is independent of n, for n large, one has
1
j
m−1∑
i=m−j
log ‖Df |Ec(f i(z)) ‖ ≥ λ for j ∈ [t, t +N4];
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Now, we estimate the average along whole orbit segment.
m−1∑
i=0
log ‖Df |Ec(f i(z)) ‖ =
n−1∑
i=0
log ‖Df |Ec(f i(z)) ‖ +
n+N2−1∑
i=n
log ‖Df |Ec(f i(z)) ‖
+
n+N2+N3−1∑
i=n+N2
log ‖Df |Ec(f i(z)) ‖ +
m−1∑
i=n+N2+N3
log ‖Df |Ec(f i(z)) ‖
≥ − logC ′ − 3nχ+N2 · logm1 +N3 · log τ + (t+N4)λ.
Since χ has been chosen in (0,min{ λ
100
, log τ
100
, ε0}), for n large, one has
m−1∑
i=0
log ‖Df |Ec(f i(z)) ‖ ≥ −4nχ + (t +N4)λ
= m ·
(
− 4χ ·
n
n+ t +N2 +N3 +N4
+
t
n+ t +N2 +N3 +N4
λ
)
≥ m ·
t
n
λ− 4χ
1 + t
n
+ N2+N3+N4
n
≥ m ·
6χ
1 + 10χ
λ
+ 10χ
log τ
≥ m · 5χ.
Let N5 = N5(C, χ, ε) be an integer such that for any j ≥ N5, one has
logC ′ + 3 · j · χ <
7
2
· j · χ.
Let ρ be the number given by Lemma 2.5 corresponding to 4χ < 5χ < logm2, where
m2 = supw∈M ‖Df |Ec(w) ‖ .
For n large, one has that
N1 +N2 +N4 +N5
n
≤
ρ
2
.
Recall that for any w ∈ K ∩ f−1(K) in the characteristic region of the blender Λu.
one has
log ‖Df |Ec(w) ‖ ≥ log τ > 5χ.
By Lemma 2.5 and the fact that
1
j
m−1∑
i=m−j
log ‖Df |Ec(f i(z)) ‖ ≥ λ > 5χ for j ∈ [t, t+N4],
one has
1
m− j
m−1∑
i=j
log ‖Df |Ec(f i(z)) ‖ ≥ 4χ for j = 0, · · · , m− 1.
One takes c0 =
10
log τ
+ 10
λ
, and this ends the proof of Theorem 3.1.
14
4 A sufficient condition for horseshoes with large en-
tropy
We divide this section into two subsections. In the first part, we show that in the dom-
inated setting, certain separated sets in a Pesin block can give horseshoes with large
entropy. In the second part, we show that for each non-hyperbolic ergodic measure, one
can find Pesin block ‘close to’ it; moreover in the Pesin block, one can find some separated
sets that can be used to build horseshoes.
Given a compact manifold M , we denote byM the set of probability measures on M .
We fix a metric on M defined by
d(µ, ν) =
∑
n∈N
|
∫
ϕndµ−
∫
ϕndν|
2n+1 · ‖ϕn‖
for µ, ν ∈M,
where {ϕn}n∈N is a dense subset of the set of continuous functions on M . By the choice
of the metric, for µ, ν ∈M, one has d(µ, ν) ≤ 2.
4.1 Horseshoes derived from separated sets
For a periodic point p, we denote by Op the orbit of p and by δOp the periodic measure
on Op. Let {p1, · · · , pl} be a set of periodic points of f , then one can define a subset of
invariant measures as follows:
Cov(p1, · · · , pl) :=
{ l∑
i=1
αiδOpi : αi ≥ 0 and
l∑
i=1
αi = 1
}
.
The aim of this section is to prove the following theorem.
Theorem 4.1. Let f ∈ Diff1(M) and Λ be a compact invariant set with the dominated
splitting of the form TΛM = E ⊕ F . For λ ∈ (0, 1), consider the Pesin block of the
following form
Λλ =
{
x ∈ Λ :
n−1∏
i=0
‖Df |E(f i(x)) ‖ ≤ λ
n,
n−1∏
i=0
‖Df−1|F (f−i(x)) ‖ ≤ λ
n, for n ∈ N
}
.
For any ε > 0, there exists η0 > 0 such that for any n ∈ N, any sequence of periodic
points {p1, · · · , pk} ⊂ Λλ of period n and any η < η0, if one has that
– d(pi, pj) < η, for 1 ≤ i < j ≤ k;
– {p1, · · · , pk} is a (n, 16 · η) separated set.
Then there exists a hyperbolic set Kε of index dim(E) such that
–
htop(f |Kε) ≥
log k
n
.
– for any ν ∈Minv(Kε, f), the measure ν is in the ε-neighborhood of Cov(p1, · · · , pk).
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Proof. Since E is transverse to F , for simplicity, we will assume that E is orthogonal
to F . We fix plaque families W cs and W cu corresponding to E and F respectively. By
Lemma 2.6, there exists ηλ > 0 such that for each x ∈ Λλ, W
cs
ηλ
(x) and W cuηλ (x) are
contained in the stable and unstable manifolds of x respectively.
For ε ∈ (0,min{λ
4
, 1−λ
4
}) small, there exist η0 ∈ (0,
ηλ
4
) and two cone fields CE and CF
defined in the 8η0-neighborhood of Λ such that
• for any x, y with d(x, y) ≤ 8η0, one has d(δx, δy) < ε.
• CE is Df−1-invariant and CF is Df -invariant;
• for any x, y ∈ B8η0(Λ) with d(x, y) < 8η0, any discs D
E
x and D
E
y through the points
x, y and tangent to CE respectively, one has that Df |TxDx is ε close to Df |TyDy and
Df−1|TxDx is ε close to Df
−1|TyDy ; the analogous statement is valid for the discs
tangent to CF ;
• for any η < η0, one has that
– for any z ∈ Λλ, one considers w1 ∈ f
−1(W s4η(f(z))) \ W
s
4η(z) and w2 ∈
f(W s4η(f
−1(z))). Let D1 and D2 be two discs tangent to C
F and through the
points w1, w2 respectively. If the diameters of D1 and D2 is no more than 4η,
then one has D1 ∩ D2 = ∅; the analogous statement is valid for the unstable
manifold of z;
– for x ∈ Λ, we denote by C4η(x) the 4η-tubular neighborhood of W
cs
4η(x). Then
C4η(x) is C
1 bi-foliated by discs tangent to the cone fields CE and CF .
For x ∈ Λ, we shall call C4η(x) ⊂ B4η0(Λ) as a box or a cube. We denote by dim(E) = s
and dim(F ) = t. Let ψ : [−1, 1]s × [−1, 1]t 7→M be the C1-embedding such that
• ψ([−1, 1]s × [−1, 1]t) = C4η(x);
• for z1 ∈ [−1, 1]
s and z2 ∈ [−1, 1]
t, the discs ψ({z1}× [−1, 1]
t) and ψ([−1, 1]s×{z2})
are tangent to CF and CE respectively.
We will call ψ(∂([−1, 1]s) × [−1, 1]t) the vertical boundary of C4η(x) and ψ([−1, 1]
s ×
∂([−1, 1]t)) the horizontal boundary of C4η(x).
We say that a set H is a vertical sub-box of C4η(x), if there exists an embedding
φ : [−1, 1]s × [−1, 1]t 7→ M such that
• for any (z1, z2) ∈ [−1, 1]
s× [−1, 1]t, one has φ({z1}× [−1, 1]
t) and φ([−1, 1]s×{z2})
are tangent to the cone fields CF and CE respectively.
• H is disjoint from the vertical boundary of C4η(x);
• φ([−1, 1]s × ∂([−1, 1]t)) is contained in the interior of the horizontal boundary of
C4η(x).
One can define the horizontal sub-box analogously.
Lemma 4.2. Let x ∈ Λ. For η < η0 and any periodic point p ∈ Λλ ∩ Bη(x) of period
m, we denote by C(p,m) the connected component of fm(C4η(x)) ∩ C4η(x) containing p.
Then C(p,m) is vertical sub-box of C4η(x).
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Proof. Since C4η(x) is foliated by discs tangent to the cone field C
E and the discs tangent
to the cone field CF respectively, fm(C4η(x)) is foliated by discs tangent to C
F ; therefore
fm(C4η(x)) ∩ C4η(x) is foliated by discs tangent to the cone field C
E and the discs tan-
gent to the cone field CF respectively. Notice that fm(C4η(x)) ∩ C4η(x) is saturated by
discs tangent to the cone field CF and intersecting fm(W s4η(p)), then by the choice of η,
fm(C4η(x))∩C4η(x) is disjoint from the vertical boundary of C4η(x). Since f
m(C4η(x)) is
saturated by the fm-images of some discs tangent to CF , it suffices to prove the following
claim.
Claim 4.3. Given any disc D intersecting fm(W s4η(p)) and satisfying
• D ⊂ C4η(x)
• f−i(D) is tangent to the cone field CF for i = 0, · · ·m;
the diameter f−m(D) is less than (λ+ 2ε)m4η.
Proof. Let z ∈ D ∩ fm(W s4η(p)). By the choice of η, one has that Df
−1|Tf−i(z)D is ε close
to Df−1|F (f−i(p)), for any i = 0, · · · , m.
We will inductively show that diam(f−i(D)) < (λ + 2ε)i4η for i = 0, · · · , m. It is
clear that the inequality is true for i = 0. Assume that the inequality is true for i ≤ k.
For i = k + 1, by the choice of η, for any y ∈ D and j ≤ k one has that Df−1|T
f−j(y)
D is
ε close to Df−1|T
f−j(z)
D, therefore is 2ε close to Df
−1|F (f−j(p)). Since p ∈ Λλ, one has
diam(f−(k+1)(D)) ≤ (λ+ 2ε)k+1 diam(D) = (λ+ 2ε)k+14η.
One by-product from the proof of Lemma 4.2 is the following:
Corollary 4.4. For each y ∈ C(p,m), one has that d(f−i(y), f−i(p)) ≤ 8η, for i =
0, · · · , m.
Proof. For each point y ∈ C(p,m), there exist a point z ∈ W s4η(p) and a disc Dy ⊂ C4η(x)
tangent to the cone field CF such that z ∈ Dy and f
m(Dy) contains y; we denote by D˜y be
the connected component of fm(Dy) ∩ C4η(x) containing y. One can apply Claim 4.3 to
D˜y and one has that d(f
−i(y), f−i(p)) ≤ d(f−i(y), fm−i(z))+d(fm−i(z), f−i(p)) ≤ 8η.
Let us continue with the proof of Theorem 4.1. We consider the 4η-cube C4η(p1)
centered at p1. Since each pi ∈ Bη(p1), by Lemma 4.2, the connected component C(pi, n)
of fn(C4η(p1)) ∩ C4η(p1) containing pi is a vertical sub-cube of C4η(p1). Since the set
{p1, · · · , pk} is a (n, 16η) separated set, by Corollary 4.4, the cubes C(pi, n) are pairwise
disjoint. By the definition of Λλ and the choice of η, the maximal invariant set of f
n
in C4η(p1) contains a hyperbolic horseshoe Kε of k-legs. Therefore, htop(f |Kε) =
log k
n
.
Now, for any point x ∈ Kε and any integer l > 0, there exist pi0 , · · · , pi[l/n]−1 such that
f jn(x) ∈ C(pij , n) for j = 0, · · · , [l/n]− 1. By the choice of η0 and Corollary 4.4, one has
d
( 1
[l/n]
[l/n]−1∑
j=0
1
n
n−1∑
t=0
δf t(fjn(x)),
1
[l/n]
[l/n]−1∑
j=0
δOpij
)
< ε,
17
which implies that any accumulation ν of 1
l
∑l−1
j=0 δfj(x) is ε-close to Cov(p1, · · · , pk), then
by Sigmund’s result [Sig1], all the invariant measures supported on Kε are ε-close to
Cov(p1, · · · , pk).
4.2 Pesin blocks and periodic points close to non-hyperbolic
ergodic measures
In this section, we firstly define Pesin blocks close to non-hyperbolic ergodic measures,
then we find periodic points close to the non-hyperbolic ergodic measures.
Let f be a partially hyperbolic diffeomorphism with one dimensional center and µ be
a non-hyperbolic ergodic measure of f . We denote by B(µ) the Oseledec basin of µ. For
any χ > 0 small and any integer k ∈ N, consider the following form of Pesin block
Λk,χ =
{
x ∈ B(µ) :
1
k
e−nχ ≤
n−1∏
i=0
‖Df |Ec(f i(x)) ‖ ≤ ke
nχ, for n ∈ N
and d(
1
l
l−1∑
i=0
δf i(x), µ) ≤ χ for l ≥ k
}
.
Remark 4.5. By definition, one has that
1. Λk,χ is a compact set (in general, Λk,χ is not invariant);
2. Λk2,χ2 ⊂ Λk1,χ1 , for each k1 ≥ k2 and χ1 ≥ χ2.
3. µ(∪k∈NΛk,χ) = 1, for each χ > 0.
We denote
Hχ = {x ∈M : ‖Df
−n|Ec(x)‖ ≤ e
−nχ, for n ∈ N}.
Recall that U(M) is the set of partially hyperbolic (but roustly non-hyperbolic) dif-
feomorphisms with one dimensional center and two minimal strong foliations. In the fol-
lowing, we will show that for an open and dense subset of U(M), for each non-hyperbolic
ergodic measure µ, one can find a huge amount of hyperbolic periodic orbits in Hχ which
is ‘close’ to the measure µ and is a separated set for some size; the proof consists in
combining Theorem 3.1 with Liao’s shadowing lemma (Lemma 2.4).
Theorem 4.6. There exists an open and dense subset V(M) of U(M) such that for
f ∈ V(M) and a non-hyperbolic f -ergodic measure µ, there exists a constant c > 0
such that for any η small and any χ > 0, there exists a sequence of periodic points
{p1, · · · , pl} ⊂ Hχ satisfying that
– the periodic points {p1, · · · , pl} are of same period m for some m ∈ N;
– d(pi, pj) < η, for any 1 ≤ i < j ≤ l;
– {p1, · · · , pl} is a (m, 16η)-separated set.
–
m(hµ(f)− χ)
1 + c · χ
≤ log l and d(
1
m
m−1∑
j=0
δfj(pi), µ) < c · χ.
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Proof. Let V(M) be the open and dense subset of U(M) given by Theorem 3.1 such that
for each f ∈ V(M), there exists a constant c0 > 0 such that for any ε > 0, χ > 0 small
and any C > 1, there exist two integers N(ε)≪ N(C, χ, ε) = N satisfying the properties
listed in Theorem 3.1.
Now, one fixes f ∈ V(M) and a non-hyperbolic ergodic measure µ. We fix χ > 0
and choose an integer k such that µ(Λk,χ) > 0. For η > 0, we denote by Kk,χ(n, η) a
(n, 20η)-separated set of Λk,χ with maximal cardinal.
By Corollary 2.10, there exists η1 such that for any η < η1, there exists n arbitrarily
large such that
1
n
log#Kk,χ(n, η) ≥ hµ(f)−
χ
2
.
By the uniform continuity of the center bundle, there exists η2 > 0 such that for any x, y
with d(x, y) < η2, one has
e−χ <
‖Df |Ec(y) ‖
‖Df |Ec(x) ‖
< eχ.
By the compactness of M , there exists η3 > 0 such that for x, y with d(x, y) < η3, one
has
d(δx, δy) < χ,
where δx denotes the Dirac measure supported on x.
From now on, one fixes η ∈ (0,min{η1, η2, η3}).
For e−4χ ∈ (0, 1) and the splitting TM = Es ⊕ (Ec ⊕ Eu), by Lemma 2.4, there exist
L > 0 and ε0 > 0 such that for any ε ≤ ε0, any integer l > 0 and x with the properties:
–
d(x, f l(x)) < ε,
–
l−1∏
i=j
‖Df |Ec(f i(x)) ‖ ≥ e
4(l−k)χ, for j = 0, · · · , l − 1;
there exists a periodic point p of period l such that
d(f i(p), f i(x)) < L · ε, for i = 0, · · · , l − 1.
By Theorem 3.1, there exists a constant c0 > 0 such that for any ε < min{ε0,
η
3L
, η
3
}
small, the numbers χ and k, there exist N(ε) and N(k, χ, ε) such that for any x ∈
Kk,χ(n, η) ⊂ Λk,χ and any n + N(ε) > N(k, χ, ε) (the choice of n would be fixed later),
there exist z and m ∈
(
n +N(ε), (n+N(ε))(1 + c0 · χ)
)
such that
–
d(z, fm(z)) < ε;
–
d(f i(fN(ε)(z)), f i(x)) < ε, for i = 0, · · · , n;
–
‖Df i|Ec(fm−i(z)) ‖ ≥ e
4iχ, for each i = 1, · · · , m.
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By the choice of ε and Lemma 2.4, there exists a periodic point px of period mx ∈(
n+N(ε), (n +N(ε))(1 + c0 · χ)
)
such that
d(f i(px), f
i(z)) < L · ε <
η
3
, for i = 0, · · · , mx − 1,
which implies that
d(f i+N(ε)(px), f
i(x)) < η, for i = 0, · · · , n.
By the fact that η < η2, one has
‖Df i|Ec(fmx−i(px)) ‖ > e
3iχ, for each i = 1, · · · , mx.
There exists an integer Nε,χ such that for n > Nε, one has
(n+N(ε))(1 + c0 · χ)− n
n
< (c0 + 1)χ.
By the choice of metric on the space of probability measures and the fact that η < η3,
for n ≥ Nε,χ, one has
d
( 1
mx
mx−1∑
j=0
δfj(px), µ
)
≤ d(
1
mx
mx−1∑
j=0
δfj(px),
1
mx
mx−1∑
j=0
δfj(x)) + d(
1
mx
mx−1∑
j=0
δfj(x), µ)
≤ d(
1
mx
mx−1∑
j=0
δfj(px),
1
mx
mx−1∑
j=0
δfj(x)) + χ
≤
mx − n
mx
· 2 +
n
mx
· χ+ χ
≤ 2(c0 + 2)χ.
To summarize, for n ≥ Nε,χ and x ∈ Kk,χ(n, η), one has a hyperbolic periodic point px of
period mx ∈
(
n+N(ε), (n+N(ε))(1 + c0 · χ)
)
such that
•
‖Df j|Ec(fmx−j(px)) ‖ ≥ e
3jχ, for each j = 1, · · · , mx;
•
d(f i(fN(d)(px)), f
i(x)) < η, for i = 0, · · · , n.
•
d
( 1
mx
mx−1∑
j=0
δfj(px), µ
)
< 2(c0 + 2)χ.
As a consequence, one has px ∈ Hχ.
By the compactness ofHχ, there exist Nη balls {B(1), · · · , B(Nη)} of diameter η which
cover Hχ.
Now, we fix an integer n > max{N(k, χ, ε), Nε,χ, Nη} large such that
1
n
log#Kk,χ(n, η) ≥ hµ(f)−
χ
2
and
1
c0 · (n +N(ε))2 · χ
> e−
nχ
2 .
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Then we divide the set Kk,χ(n, η) into at most c0 · (n+N(ε)) · χ subsets such that in
each of these subsets, mx is constant. Let K˜k,χ(n, η) be one of such subsets of Kk,χ(n, η)
with the maximal cardinal, then one has
#K˜k,χ(n, η) ≥
1
c0 · (n +N(ε)) · χ
#Kk,χ(n, η) ≥
1
c0 · (n+N(ε)) · χ
· en·(hµ(f)−
χ
2
).
Claim 4.7. For the points x, y ∈ K˜k,χ(n, η), one has that px = py if and only if x = y.
Proof. If one has px = py for some x, y ∈ K˜k,χ(n, η), one has that
d(f i(x), f i(y)) ≤ d(f i(x), fN(ε)+i(px)) + d(f
i(y), fN(ε)+i(py)) < 2η for i = 0, · · · , n,
which contradicts to the choice of x, y.
Since K˜k,χ(n, η) is also a (n, 20η)-separated set, for different points x, y ∈ K˜k,χ(n, η),
one has that there exists j ∈ [N(ε), n+N(ε)] such that
d(f j(px), f
j(py)) > 16η.
Now, there exists j ∈ {1, 2, · · · , Nη} such that B(j) ∩ {px : x ∈ K˜k,χ(n, η)} has the
maximal cardinal, then one has
#(B(j) ∩ {px : x ∈ K˜k,χ(n, η)}) ≥
1
Nη
1
c0 · (n +N(ε)) · χ
· en·(hµ(f)−
χ
2
)
>
1
c0 · (n+N(ε))2 · χ
· en·(hµ(f)−
χ
2
)
> en·(hµ(f)−χ).
We denote m as the period of px for x ∈ K˜k,χ(n, η), then by the choice of n, one has that
log#(B(j) ∩ {px : x ∈ K˜k,χ(n, η)}) ≥
m · (hµ(f)− χ)
1 + (c0 + 1)χ
.
Now we only need to set c = 2(c0 + 2) and denote B(j) ∩ {px : x ∈ K˜k,χ(n, η)} =
{p1, · · · , pl}, then {p1, · · · , pl} is the set of periodic points with the posited properties.
5 Non-hyperbolic ergodic measures approached by
hyperbolic basic sets
In this section, using the results from previous sections, we give the proof of our main
results.
Proof of Theorem A. Let V(M) be the open and dense subset of U(M) given by Theo-
rem 4.6. One fixes f ∈ V(M) and an f -ergodic measure µ.
If µ is hyperbolic, by Katok-Gelfert theorem [Ge, Theorem 1], µ is approached by
hyperbolic sets in weak∗-topology and in entropy.
Now, we consider the case that µ is non-hyperbolic, that is, the center Lyapunov
exponent of µ vanishes.
For χ > 0, the splitting TM = Es⊕ (Ec⊕Eu) and λ = e−χ ∈ (0, 1), by Theorem 4.1,
there exists η0 = η0(χ) > 0 such that for any η < η0, any n ∈ N and any periodic points
{q1, · · · , qk} ⊂ Hχ of period n, if one has
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• d(qi, qj) < η;
• {q1, · · · , qk} is a (n, 16η)-separated set;
then there exists a hyperbolic set Kχ of index dim(E
s) such that
– htop(f |Kχ) ≥
log k
n
;
– for any ν ∈Minv(Kχ, f), one has d(ν,Cov(q1, · · · , qk)) < χ.
By Theorem 4.6, for the non-hyperbolic measure µ, there exists a constant c > 0
such that for η < η0 small and the number χ, there exists a sequence of periodic points
{p1, · · · , pl} ⊂ Hχ satisfying that
– periodic points {p1, · · · , pl} are of same period m for some m ∈ N;
– d(pi, pj) < η, for any 1 ≤ i < j ≤ l;
– {p1, · · · , pl} is a (m, 16η)-separated set.
–
m(hµ(f)− χ)
1 + c · χ
≤ log l and d(
1
m
m−1∑
j=0
δfj(pi), µ) < c · χ.
Then Theorem 4.1 provides a hyperbolic set Kχ such that
• htop(f |Kχ) ≥
hµ(f)−χ
1+c·χ
;
• for ν ∈ Minv(Kχ, f), one has d(ν,Cov(p1, · · · , pl)) < χ, which implies d(ν, µ) <
(c+ 1)χ.
By Theorem 2.1, one gets a hyperbolic set K˜χ ⊂ Kχ which is (c + 1) · χ-close to µ in
weak∗-topology and in entropy. By the arbitrariness of χ, one has that µ is approached
by hyperbolic sets of index dim(Es) in weak∗-topology and in entropy.
Applying the analogous argument for the reversed dynamics in U(M), one has that
for an open and dense subset in U(M), each non-hyperbolic ergodic measure is also
appraoched by hyperbolic sets of index dim(Es) + 1 in weak∗-topology and in entropy.
Now, using Theorem A, we give the proof of Corollary B.
Proof of Corollary B. One only needs to show that given a hyperbolic ergodic measure
µ and a non-hyperbolic ergodic measure ν, there exists a path connecting them. By
Theorem A, there exist sequences of periodic orbits {pn}n≥1 and {qn}n≥1 of same index
such that δOpn converges to µ and δOqn converges to ν. By the minimality of strong
foliations, the periodic points pn and qn are pairwise homoclinically related. Since Oqn+1
and Oqn are homoclinically related, by Smale-Birkhoff theorem, there exists a hyperbolic
horseshoe Λn containing qn+1 and qn, then by Theorem B in [Sig2] (see also the comments
after it), there exists a path {νt}t∈[1−3−n,1−3n+1] in the set of ergodic measures supported
on Λn which connects δOqn to δOqn+1 . Analogously, in the set of ergodic measures, one has
paths {νt}t∈[3−n−1,3−n] which connects δOpn+1 to δOpn and νt∈[ 13 ,
2
3
] which connects δOp1 to
δOq1 . Let ν0 = µ and ν1 = ν, then {νt}t∈[0,1] gives a path connecting µ to ν.
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Since on each hyperbolic sets, there always exist measures of maxiaml entropy (see for
instance [Bo]), by Theorem A, the set of hyperbolic ergodic measures is entropy dense
in the set of ergodic measures.
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